ON EXTREMIZING SEQUENCES FOR THE ADJOINT 
RESTRICTION INEQUALITY ON THE CONE 



RENE QUILODRAN 

Abstract. It is known that extremizers for the L 2 to L 6 adjoint Fourier restriction 
inequality on the cone in M 3 exist. Here we show that nonnegative extremizing 
sequences are precompact, after the application of symmetries of the cone. If we 
use the knowledge of the exact form of the extremizers, as found by Carnciro, then 
we can show that nonnegative extremizing sequences converge, after the application 
of symmetries. 



1. Introduction 

We study the properties of extremizing sequences for the Fourier restriction in- 
equality on the cone in dimension 3 for which the adjoint restriction inequality can 
be rewritten equivalently as a convolution inequality. Carneiro [T], using the method 
developed by Foschi [6], found the exact form of the extremizers for the adjoint Fourier 
restriction inequalities in dimensions 3 and 4 but there seems to be no mention in 
the literature as to whether extremizing sequences are precompact after appropriate 
rescaling^. That is the question we try to answer in this paper using the methods 
developed by Christ and Shao [2] to analyze the corresponding inequality for the 
sphere in three dimensions. 

We denote T 2 = {(y,y f ) G R 2 x R : y' = \y\}, the cone in R 3 . A function / on 
T 2 can be identified, and we will do so, with a function from R 2 to R. On T 2 we 
consider the measure a(y, y') = 5(y' — \y\)^y*- : that is, for a function / on the cone 

fdo = f f(y)f V 



r 2 Ju 2 \y\ 

We will denote the L p (r 2 ,cr) norm of a function / as H/H^r 2 ), ||/||i>(<7) or n 
The extension or adjoint Fourier restriction operator for the cone is given by 

Tf(x,t)= [ e^e^fiyM^dy (1.1) 
Vr 2 

where (x,t) G R 2 x R and / G <S(R 2 ). With the Fourier transform g(£) = 
L 3 e~ lx '^g(x)dx we see that Tf(x,t) = fa(—x, —t). 
A well known bound, [12], for Tf is given in the following theorem 
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1 [5] answers this question in the nonendpoint case and appeared while this manuscript was being 
prepared. We comment on that later in the introduction. 
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Theorem 1.1. There exists C < oo such that for all f G L 2 (T 2 ) the following 
inequality holds 

\\Tf\\ L e m < C||/|| i2(r2) . (1.2) 
Denote by C the best constant in (11 .2p . that is 

C= sup — (1.3) 

o^/eL 2 (r 2 ) ||/||L2(r 2 ) 

The use of the Fourier transform allows us to write (11.21) in "convolution form", 
namely 

r/||l 6(R 3) = ||(T/) 3 || i2(R 3 } = ||(^) 3 |U 2 (R3) = ||(^*^*^)1l 2 (R3) 

= (2itfl 2 \\fa*fcr*fo-\\ L ^ )) (1.4) 

thus ||T(/)|| L 6 ^ ||T(|/|)|| L 6. This implies that if {/ n } ng]N is an extremizing sequence 
then so is {|/„|}„ s n- 

In what follows we will restrict attention to nonnegative functions / G L 2 {T 2 ). 

Definition 1.2. An extremizing sequence for the inequality (ll.2j) is a sequence 
{/„}neN of functions in L 2 (T 2 ) satisfying ||/ n ||z,2(r2) < 1, such that ||T/n|Ue(R3) ->> C 
as n — )• oo. 

An extremizer for (II. 2p is a function / ^ which satisfies ||T , /|| Zj 6 ( - ]R 3) = C||/||x,2. 

The main theorem of this paper is 

Theorem 1.3. Any extremizing sequence of nonnegative functions in L 2 (T 2 ) for 
the inequality (11.21) is precompact up to symmetries, that is, every subsequence of 
an extremizing sequence has a sub-subsequence that converges in L 2 (T 2 ) after the 
application of symmetries of the cone. 

The symmetries of the cone we refer to are dilations and Lorentz transformations 
that will be studied in Section [7J and Theorem 11.31 will be stated in a more precise 
form as Theorem 18.21 below. 

With the knowledge of the exact form of the extremizers to (11.21) given by Carneiro 
in pQ one can improve Theorem 11.31 to obtain 

Theorem 1.4. Any extremizing sequence of nonnegative functions in L 2 (T 2 ) for the 
inequality (11.21) converges in L 2 (T 2 ), after the application of symmetries of the cone. 

Define the function g by its Fourier transform as g(y) = f(y)\y\~ l . Then 

e^g(x) == (2^2 / e^e^g(y)dy = ^Tf{x,t), (1.5) 

and 

where we used the H^(JR 2 ) norm 
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We see that 

f27rr 2 llTfllr.6^||f||7, 1 ^ = lle iV=S ollr.6^|| l . 



(27r)- 2 ||r/|| i6(K2) ||/||- 2 1 (r2) = \\e u ^g\\ L s m \\g\\l\,^ (1-6) 



and (11.21) is equivalent to 

Q 

¥ lt ~ A g\\Li t{ K3) < j^yMtf^y (i-7) 

From (11.61) . {/ n } ne]N is an extremizing sequence for ( II. 2p if and only if {g n } ne ]N, 
with g n (y) = f n {y)\y\~ l i is an extremizing sequence for (11.71) . 

The problem of computing the best constant in (jl.2p and the exact form of the 
extremizers was solved by Carneiro in [1]. With the normalization of the Fourier 
transform discussed earlier, Carneiro proves 

Theorem 1.5 (pQ). For all f G L 2 (T 2 ), 

WMWm < (27r) 5 / 6 ||/|| L2(r2) . (1.8) 

and equality occurs in (11.81) if and only if f(y,\y\) = e~ a ^ +b ' v+c , where a, c G C, 
b G C 2 , and | JHe6| < fHea. 

We will use this result to prove Theorem 11.41 

Fanelli, Vega and Visciglia proved in [5] a general existence theorem for extremizers 
of Strichartz inequalities. We state here the case of the cone, in its equivalent form 
via (11.51) . For d ^ 2 and ^ a < the following Strichartz estimates hold (see 
[5j Example 1.1]) 

lle'^ll^^ < C\\ ghi „ m . (1.9) 

In jS], using "remodulation" (equation after equation 2.12]) "rescaling" and 
"translation" ([SI equation 2.15]) the following theorem is proved, 

Theorem 1.6 ([5]). Let d ^ 2 and < a < 2=1. TTien i/iere exists an extremizer 
for (ll.9p . Moreover, extremizing sequences are precompact, after the application of 
symmetries: "remodulation", "rescaling" and "translation". 

We point out here that their method does not apply to the endpoint case studied in 
this paper, a — and d = 2, because of the existence of further symmetries, Lorentz 
invariance, as discussed in Section [71 The symmetries referred to in Theorem II. 6| 
when expressed in the dual formulation for / G L 2 (T 2 ) are, in respective order: 

• f(y) ~> e is ^f(y), s G R, 

• f(y) ~* A 1 / 2 /(Ay), A > and 

• f(y) - e^/(y), y G R 2 . 

From the Lorentz invariance of inequality (ll.2p . and the fact that the Lorentz group 
is not generated modulo a compact subgroup by the elements listed above, it follows 
that the final conclusion of Theorem 11.61 cannot be true in the endpoint case d = 
2, a = 0. This indicates that the proof in [5] likewise cannot apply to this endpoint 
case. 
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On the one hand, for d ^ 2, under admissibility conditions in (p, q) one has the 
Strichartz estimates 



\e lt ^g\\ L VLU^) < C||^|| H i_i + i (Rd) , 



so that for the case of the H2(R d ) one needs p = q which then makes Theorem 1.1 
in IS] not applicable. 

On the other hand, at the level of the proof of [5J Theorem 1.1], one sees that 
[3 equation 2.12] does not hold for a = (or s = 1/2 as appears there) and 
d = 2. For this we show that there are extremizing sequences {g n }n&¥t such that 
|| e itV=E gn | \ L?>L ± o as n ->■ oo. 

This is the same as having extremizing sequence {/„} ng]N such that HT/Jl^co^ — > 
as n — > oo. For this we use the Lorentz invariance and the characterization of 
extremizers for the cone given in Theorem 11.51 

From Section [3, \\T(f o L)\\l6(u 3 ) — ||^/IU 6 (ir 3 ); for every Lorentz transformation 
L preserving T 2 . Let / be an L 2 -normalized extremizer, say f(x±, x^) = c Q e~ X3 . 
We take a sequence of Lorentz transformations L s and / o L s is also an L 2 -normalized 
extremizer. We now compute \\(Tf) o L s \\ L <x L 4. We have 

2nc(] 



Tf(x,t) 



y/(i-it)* + 

and 



x\ 



\Tf(x,t)\* 



'l-t 2 + \x\ 2 ) 2 + 4t 2 ' 



Now we use L s (x, t) = ( t^t$W2 > x 2, (1^2^1/2 ) an d n °te that by making the change of 
variables u = {x\ + st)(l — s 2 ) -1 / 2 , u = i 2 we obtain 

y \(Tf)oL s (x,t)\ i dx=(l-s 2 ) 1 / 2 J \Tf(x 1 ,x 2 ,sx 1 +t(l-s 2 ) 1 / 2 )\ i dx. 

Then, if s ^ 

sup / |(T/) oL s (x,t)| 4 rfx = (1 - s 2 ) 1/2 sup I \Tf{x 1 ,x 2 ,s(x 1 + t))\ 4 dx 
tent Jtr, 2 ten Jtr, 2 

_ ,cy \4 4/i _ 2\l/2 / dX\dx 2 

Sj S7R 2 (l-^i + t) 2 + xf + xI) 2 + 4 S 2 (x 1 + t) 2 



/r, \4 4/i _ 2\l/2 /" dX\dX2 

1 JC ° U SJ ^y ]R 2(l- S 2 x 2 + (x 1 +t) 2 + x 2 ) 2 + 4 S 2 x 2 - 



It is not hard to show that for (s,t) G [1/2, 1] x R 

dx\dx2 



In 



R2 (1 - s 2 x\ + (arj + t) 2 + x 2 ) 2 + 4s 2 x 2 ^ °' 



with C independent of s and £. Therefore 



sup / \(Tf)oL s {x,t)\ A dx^C{\- s 2 ) 1 ' 2 . 
ten Jn 2 
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Hence lim \\T(f o L a )\\ LrLi = 0. 

Notation: We will write X < Y or Y > X to denote an estimate of the form 
X «C CY, and I x F to denote an estimate of the form cY ^ X ^ CY, where 
< c, C < oo are constants depending on fixed parameters of the problem, but 
independent of X and Y. 

When writing integrals, we will sometimes drop the domain of integration or the 
measure when it is clear from context. 

2. The structure of the paper and the idea of the proof 

The proof of Theorem 11.31 follows the lines of the proof of precompactness of ex- 
tremizing sequences for the adjoint Fourier operator on the sphere S 2 C R 3 given in 

In Section [3] we give a (known [12], [TQJ Chapter 2]) proof of Theorem 11.11 with a 
view towards a refinement in terms of a cap space, as used in [2] and proved in [I] for 
compact surfaces in R 3 of nonvanishing Gaussian curvature. In Section H] we obtain 
bounds that we will use in Section [5] to obtain the following cap estimate, 

\\Tf\\ Lm < ll/ll^^suplCr 1 / 4 ^!/! 3 / 2 ^) 773 , (2.1) 

where the supremum ranges over all "caps" C C T 2 and 7 > is a small universal 
constant. This is the analog of Lemma 6.1 in [2J. 

For a function satisfying HX 1 / ||x, 6 (ir 3 ) ^ ^CU/H^g™, the estimate in (12. ip allows 
the extraction of a cap C with good properties: / can be decomposed as the sum of 
two functions with disjoint support / = g + h and g, which is comparable to fxc, 
satisfies 

\g(x)\ ^ Cs\\fh\C\- 1,2 Xc(x), and ||<?|| 2 > Vs \\f\\ 2 . 

This is the content of Section [6j In Section [7| we discuss symmetries of the cone. 
This includes dilations and Lorentz transformations and they allow us to take a cap 
C and transform it into a cap C with better properties: C is contained in a bounded 
region, independent of the extremizing sequence, and has big measure. 

The existence of symmetries of (T 2 ,a) simplifies the argument, compared to [2]. 
Two ways are possible, use the arguments of Fanelli, Vega and Visciglia contained in 
[1] and [m carried out in Section [HI or use the decomposition algorithm as done by 
Christ and Shao and carried out in Section 

For the argument based on [1] and [5], a single extraction of a cap and the use of 
symmetries is enough to prove precompactness. In the case of the argument based on 
[2], a cap decomposition is needed. For an extremizing sequence, the cap decomposi- 
tion is used to show that after dilations and Lorentz transformations, the extremizing 
sequence has a uniform L 2 -decay at infinity. The uniform decay plus a result inspired 
from [1] allows us to complete the proof of precompactness. 

In the last section, we prove that extremizing sequences converge, after the appli- 
cation of symmetries of the cone. This is an easy task, that follows from the fact that 
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the extremizers for (11. 2p are known and that the group of symmetries of the cone 
acts transitively in the set of extremizers. 



3. The adjoint Fourier restriction inequality 

Abusing notation we will write f(r,6) = f(x), where x = (r cos8,r sin8), that is 
the polar representation of x. Note that in polar coordinates the measure \y\~ l dy 
becomes dr d9. 

In the proof of Theorem 11.11 we will need the following standard lemma. 

Lemma 3.1 (Fractional integration). Let 1 < p, q < oo. Then for any g G L P (R), h G 
L 9 (R) the following holds 

\g(s)h(t)\\t - s\~ a dsdt ^ C^l^ ||lp(ir) |H|l*(b.), 




E JTR 



where a = 2 — - — - and - + - > 1 . 

vi p <? 

From Lemma 13.11 we have 

Lemma 3.2. Let 1 < p, q < oo with - + ^ > 1 and let a = 2 — - — K Then for any 
g G L p ([0, 2tt]), h G L q ([0, 2ir]) the following holds 

/*27T /*27T 

/ / \g(s)h(t)\\sm(t - s)\- a dsdt < C p Jg\\ LP \\h\\ Lq . (3.1) 
Jo Jo 

Proof. We split the integral in sixteen pieces according to [0, 2ir] = [0, ir/2] U [ir/2, ir] U 
[it, 3tt/2] U [37r/2, 2tt], and then it will be enough to show that 

/•(m+l)ir/2 r(n+l)n/2 

/ / \g(s)h(t)\\sm(t - s)\- a dsdt < C P)? ||^|| LP ||/i|| £ „ 

Jmn/2 Jmr/2 

for all m, n G {0, 1, 2, 3}. For this we use a simple change of variable that allows us 
to use Lemma I3~T1 

If t, s G [jir/2, (j + l)7r/2], for some j G {0, 1, 2, 3}, then \t — s\ ^ tt/2 and we use 
that -\t — s\ ^ | sin(t — s)\ ^ \t — s\. 

If s G [0, tt/2] and t G [tt, 37r/2] we can use the change of variables t' = t — tt so 
that t! G [0, tt/2}. We note that | sin(t - s)\ = \ sin(t' - s)|. 

If s G [0, tt/2] and t G [7r/2, tt] we further split the intervals as [0, tt/2] = [0, tt/A] U 
[vr/4,7r/2] and [tt/2, tt] = [7r/2,37r/4] U [37r/4,7r]. If s G [0, vr/4] and t G [vr/2,37r/4] 
or if s G [7r/4, 7r/2] and t G [37r/4, 7r], then | sin(t — s)\ ^ 1/V2 and the desired 
inequality follows from an application of Holder's inequality. If s G [7r/4, 7r/2] and 
t G [tt/2, 37r/4], then |i— s| ^ 7r/2 and we can use the inequality s| ^ | sin(£ — s)\ ^ 
\t — s\ as in the first case discussed. Finally, if s G [0, 7r/4] and t G [37r/4, tt] we use 
the substitution t! = t — it so that t' G [—vr/4, 0]. Since | sin(t — s)\ = \ sm(t' — s)\ and 
\t' — s\ ^ 7r/2 we can conclude as before. 

The other cases follow in the same way. □ 
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Proof of TheoremUUi We split f(y) = J2kezfk(y) where fk(v) = /(y)X2*-i<|i/|<2*- 
Then 



(Tf) 2 (x,t) = Tf k -Tf k , 



Taking L 3 norm in both sides, using the triangle inequality and Lemma 1X51 below we 

get 

||T/||i 6 ^L7^2-l^'l/ 6 ||/ fc || L2((7) ||^||L 2 ( CT ). 
k,k> 

To conclude we use the Cauchy-Schwarz inequality 

l|r/||i, 6 ^ C7(X;2- |fe - fc ' l/6 ||/ fe ||i 2CCT) ) 1/2 (^2-l fe -^/ 6 || /fc HI^(^) 1/2 < ^II/IIW)- 

Lemma 3.3. There exists a constant C < oo u>rf/i t/ie following property. Let k, k' 6 
Z and f,g E L 2 (T 2 ) with f and g supported in the regions 2 k ~ 1 |y| < 2 fc anc? 
2 fc ~ 1 ^ 1 2/ 1 < 2 fc respectively, then 

\\Tf ■ Tg\\ LW < C2-l^ fc 'l/ 6 ||/|| L2(r2) ||^|| i2(r2) . (3.2) 

Proof. We can split 

f(r,6)g(r',e') = f(r,d)g(r',d'){ X r>r> + Xr<r')(xe>e' + Xe<e') for a.e {r,r',B,&). 

Thus by the triangle inequality we can assume, without loss of generality, that 9 > 9' 
and r < r' in the support of f(r, 9)g{r' , 9'). 

Using polar coordinates and Fubini's Theorem we have 

Tf-Tg{x,t) = [ [ e^y + y^e^y\ + \y^f{y)g{y')\y\~ l \yr 1 dydy' 

e i*.(r cos 9+r' cos <?V sin 9+r' sin ?) e it(r+r') Qjg^^ Q') d9d9'drdr'. 

We make the following change of variables 

(r, r', 9,9') i— >■ (it, s, £>) = (r cos 6 1 + r' cos 6*', r sin # + r' sin 9', r + r',r), 

which is injective in the region where 9 > 9', r < r'. The Jacobian of the transfor- 
mation is 



T -i d(u, s, g) , . , 

J = tt, , - = rr sm [9 — 9 



d(r, r',9,9') 
Using the change of variables 



Tf-Tg(x,t)= [ (f e lx - u e Us f(y)g(y')Jduds)dg, 
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and by Minkowski's inequality and Hausdorff- Young inequality, 



\\Tf-Tg\\ L 3< / e lx - u e^f(y)g(y')Jduds 
Its 3 



dp 



< c f (f \f(yMy')J\ 3/2 dud s y /3 d g 

= c SSl |/( ^ ,)|3/2(rr/;rl1 sin( ^ - n~ l Jduds) m d Q . 



'TR 

We now use that r x 2 fc , r' x 2 fc ' and Holder's inequality to obtain 
\\Tf.Tg\\ L s < C(2 fc 2 fc ')" 1 / 3 (2 fc ) 1 / 3 (| | 1 3/2 1 sin(0 - &)\~\jdvd8d^ 

= C(2 fc 2 fc ')- 1/3 (2 fc ) 1/3 f / |/(y)^(y')| 3/2 | sin(# - 9')\-^d9d9'drdr'^ *' 



(3.3) 

On the other hand, by Lemma 13.21 

\f(y)g(y')\ 3/2 \ sm(e - e')\^dede'drdr' 

^° /(/ l/( r ^)| 2 ^) 3/4dr - / (/ \9(r,9')\ 2 d9'y /A dr> 

^C{2 k 2 k 'f/^J \f(r,9)\ 2 drd9y //L (j \g(r',9')\ 2 dr'd9 , y / \ 

Then, as 2 k ^ 2 fc ' 

\\Tf .Tg\\ L ^C{2 k 2 kl )~ 1 l"m^{{2 k fl\{2 k '^ 

= C2 -( W 6 min((2fe) i/3 )(2 ,y/3 )||/|U2((T)|k||L2(CT) ; 

We note that 2~( fc+fc ')/ 6 min((2 fc ) 1 / 3 , (2 fc ') 1/3 ) = 2^ fc - fc 'l/ 6 , so 

||T/-T^| L 3^C2-l fe - fc 'l/ 6 ||/|| i2(CT) ||^|| L2((T) . □ 

Proposition 3.4. There exists a constant C < oo with the following property. Let 
f E L 2 (T 2 ) and for k E Z let f k (y) = f (y)X{2*-H\y\<2 k } ■ Then 

||r/||i6(R3) < C [2_^ ||/fc|lia(ra)J • 
fees 

Proof. By rewriting ||T/ 11^6/^3) as the L 2 norm of a trilinear form and using the 
triangle inequality we have 

\\TfWl = \\Tf ■ Tf ■ Tf\\ L 2 = W^Tfi ■ Tf 3 ■ Tf^ < ]T \\Tf t ■ Tf, ■ Tf k \\ L *. 

i,j,k i,j,k 

Now for each i, j, k, without loss of generality we can assume that \j — k\ = max(|z' — 
j'\ : E {i,j,k}). Using Holder's inequality, Theorem 11.11 and Lemma [3.31 we get 

\\Tfi-Tfj.TM\v ^ \\Tm L 4Tf r Tf k \\ L s^C2^ k ^f4 L2 \\f J \\ L 4f k \\ L2 . (3.4) 
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Now, using the maximality of \j — k\ we see that \j — k\^ ||z — j\ + ^\j — k\ + h\k — i\, 
and hence from (13. 4p . 

\\Tfi ■ Tfj ■ Tf k \\ L 2 ^ 2^ i ~ j ^ 18 2^ j ~ k ^ ls 2~\ k ~ i ^ ls \\f i \\ L 2\\fj\\ L 2\\f k \\ L 2. 

Then 

r/||| 6 <C^2H i ^/ 18 2H^I/ 18 2H fc - i l/ 18 ||/ i || i2 ||/,-||L 2 ||/ fc |U 2 , 
and a final application of Holder's inequality gives the desired conclusion 

HT/Hia < c^ 2 H^2H^/ 18 2-l fc -l/ 18 ||/ fe ||i 2 ^ Cj2\\fk\\h- □ 

i,j,k fcGS 

4. Preliminaries for the cap bound for the adjoint Fourier operator 

Recall that in the computation of ||(T/) 2 || L 3, in equation (13. 3p with g = f, we 
came across the expression 

\f{r,6)f{r',6')\ 3/2 \ sin(0 - 9')\~ 1/2 d9d9'drdr' . 

By assuming the angular support of / is contained in the region 0^9^^, that 
is f(r, 9) = if 9 ^ [0, |], we can study instead the comparable expression 

|/(r, 6)f(r', 9')f 2 \9 - 9'\- v l 2 d9d9' drdr' . 

Instead of using fractional integration in 9, 9' and Holder's inequality in r, r' we 
want to obtain a "cap type" inequality for T of the form in Theorem 4.2 in [TJ. 

Definition 4.1. By a cap C we mean a set C C T whose projection to the plane 
R 2 x {0} is of the form [2 fc_1 , 2 k ] x J, when written in polar coordinates (r, 9), where 
k G Z and J C [0, 27r] is an interval. We will identify the cap C with its projection 
to the xy-p\ane and write C = [2 fe_1 , 2 k ] x J. 

For a cap C = [2 fc_1 ,2 fc ] x J, |C| := <r(C) = 2 fc - 1 |J|> and for any A ^ 0, AC = 
[A2^\A2 fe ] x J, so a(AC) = Act(C). 

Definition 4.2. Let < a < 1 and p = 2/(2 - a). Define, for f,gE L P (R), the 
bilinear operator 

B(f,g)= [ f{x)g{x')\x-x'\~ a dxdx'. (4.1) 

Note that the kernel x G R h-> \x\~ a has a strictly positive Fourier transform and 
thus B is nondegenerate and satisfies the Cauchy-Schwarz inequality \B(f, g)\ 2 ^ 
B(f,f)B(g,g). 

Lemma \'3. II implies that \B(f, f)\ ^ C^H/H 2 ,,^. We can say more if we work with 
the Lorentz spaces L P ' 9 (R) (see [11] for an introduction to Lorentz spaces). We have 
the following bound for B [8] 

W,/)l< ll/ll 

This bound will allow us to prove the following 
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Proposition 4.3. Let < a < 1 and p = 2/(2 — a). There exist constants C < oo 
and 5 G (0, 2) such that for all f G L P (R) t/ie following inequality holds, 

E k ni\ 



B(fJ)^C\\f\\i- d m sup\\f k \\ 

LP (SR.) \ 

where I ranges over all compact intervals of R, E k = {x G R : 2 k ^ \f(x)\ < 2 k+1 } 
and f k = fxE k , k el. 

Proof. We will use the following characterization of the LP' 2 norm. If we decompose / 
as in the statement of the proposition, / = ^ fcgZ fk where fk have disjoint supports, 
E k , and 2 k XEk < IM < 2 k+1 XE k , then 

\\J IIlp> 2 (]r) ^ 

(4.2) 

It follows from (14. 2 p that ||/||| P ,2 < \\f\\% sn Pk ll/fc|lz,p P ; from where the following 
bound is obtained 

\B(fJ)\<\\f\\l Pm sn P \\f k f L ^ y 

y ' fees ; 

We can improve the previous estimate. For this, let rj > 0, S = {k : \\fk\\ P ^ 
V \\f\\ p }, and g = Ekesh- Then \B(J-g,f-g)\ < ^||/||| P . Since \\f\\ p LP = 
12k \\fk\\ P LP we obtain that \S\ ^ rj p . Therefore, by Cauchy-Schwarz 

\B(g,g)\ 1/2 ^ Y,\ B UkJk)\ 1/2 ^ \S\ max \B(f k , / fc )| 1/2 ^ ^max \B(f k , / fc )| 1/2 . 

iI — ' k£b k£b 

kes 

We deduce that 

< l^(/-^/-^)l x/a -h|^0y,^)l 1/a < r/^^ll/llx^-h^-^ijMKl^C/*,/*)! 1 / 2 , 

and squaring we obtain that for all rj > 



W, /)l < ^"l/IlL + v~ 2p sup |5(/ fc , 



Optimizing in rj gives 



<sup|S(/ fc ,/ fc )| 5 / 2 ||/||i/, (4.3) 



for some 5 G (0, 1) (the optimization gives 5 = 2(2 — p)/(2 + p)). Thus it is then 
enough to obtain a bound on B(f, f) where / = Xe- 

Lemma 4.4. There exist C < oo and 7 G (0, 1) with the following property. For 
every E subset of R of finite measure 

( \E n II \ t 
B(xe,Xe) < CWxeWIp^^P r^j + iji- J , ( 4 - 4 ) 

where the supremum ranges over all compact intervals I of R. 
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Proof. Let {I k }j e % be a partition of the real line into intervals of equal length 2 k . 
Then 

xe(x)xe(v) _ f f XE(x)xE(y) dxd 



k {2 k - 1 (i\x-y\<2 k } 



\x - y\ a 



k | 

3 

k j 



k\2 



k j 

where n has the same center as and double length. From now on we will rename 
/* by I). 

Now we fix k and estimate £\ 2~ ka \E n I k \ 2 . Let n be such that 2 n < |£| < 2 n+1 . 
We will divide the analysis into the cases where k ^ n and k > n. Recall that 
p = 2/(2 — a), and let 7 G (0,1) be a number to be determined later. We first 
consider the case k ^ n. We have 

J2^~ ha \E n i k \ 2 ^^2\Eni k \2- ka snp\Eni k \ 

i 

<|E|2^(sup^|i)V^)|Er 



|£nz 



l^l 1 ^— )(su P|E| + |Jf| 
|^| 2 - 1jB |-i + ^(i-^)( S u P ^^ 



Now if k > n we will have 



sup 



\e\+\h 

J2^ ka \Eni k 1 2 ^ ^lEn/^^-^suplEn/fl 



7 



\E\ + 1/* 

|£|2-a|£|a- 72 -fc(a- 7 ) / p 1^ n J i 



sup 



1^1 + IX 

\E\+\m 



1 
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Thus if we choose 7 > smaller than min(l — a, a) we obtain the desired conclusion 
after adding over k 

( \E n I\ \ t 
B(xe,Xe) < \\xe\\ 2 Lp (swp — 1 - j . □ 

By combining Lemma 14.41 and (14. 3 p we obtain that for / G L p 
#(/,/) < H/llip sup ||/ ; 

k,I 

that implies (after we rename £7/2 by 5) 



fe|liP M£jJ + |J| > 



B(f,f)< 11/111/ sup II/, 



,5 / l^fcH/l \ 5 



l-E* 



since IIMIp/ll/llp ^ 1 and so (||/ fc || P /||/|| P ) 5 ^ (||/ fc || P /||/|| P )^ /2 . □ 

We note that sup M \\f k \\ 5 LP (^ut)" 5 is bounded by (su Pj |J|^ 1+1 /p £ Indeed, 
we have 

To see this, we rewrite \\f k \\ 5 LP x 2 kS \E k \ s ^ p and J 7 |/ fe | x 2 k \E k n J|. It suffices to 
show that for all k, I 

\E k \ 5 ^(j§^)U\it 1+ ^ 5 \E k ni\ s , 

^ l-C'fcl + I J K 

which is equivalent to |E'fc| <5 ' p |i"| <5 ^ |/| <5 / p (|£'fc| + This holds trivially in the case 
\E k \ ^ |/|, while in the case l-E^I > |/| we rewrite the inequality as 

1/1 \ 5 / \I\ \<5M+i/p) 

1^(1 



\E k \/ \\E Li 

which holds because —1 + 1/p < 0. 

We have proved the following proposition. 

Proposition 4.5. Let < a < 1 and p = 2/(2 — a). There exist C < 00 and 
5 E (0, 2) such that for all f E L P (R) 

B(f,f) < C||/||y R) (sup|/|- 1+1 /^|/|dx) 5 . (4.5) 

where I ranges over all compact intervals of R. 



Using the Cauchy-Schwarz inequality for B and a decomposition as in Lemma [3.21 
we obtain the corollary, 

Corollary 4.6. Let < a < 1 and p = 2/(2 — a). There exist C < 00 and 5 E (0, 2) 
suc/i ffarf /or all f E L p ([0, 2tt]) , 

/ f(x)f(y)\sm(x-y)r a dxdy^C\\f\\l~ 5 [02 , (sup|/|- 1+1 ^ / 1/lcbV, 
where I ranges over all intervals of [0, 27r] . 
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We now consider the operator we will use to control the adjoint Fourier operator 

T. 

Definition 4.7. Let < a < 1 and p = 2/(2 — a). We define the bilinear operator 
Q : L p (R 2 ) x L p (R 2 ) -> R by 



Q{fi9) = I f(r,x)g(r',x')\x — x'\ a dxdx' drdr' , (4.6) 

i(R 2 ) 2 

Note that we can write Q(f, f) = B(f f(r,x)dr,f f(r',x')dr'). 
For / G L p (r,x) with || J /(r, x)dr\\ L p < oo we use (14.51) to obtain 



Q(fJ)<\\J \f(r,x)\drfj(mw\l\- 1+1 '* J J |/(r,z)|eZr^)' 



(4.7) 



Suppose that f(r,x) is supported where 2 fc 1 ^ r < 2 k , then A. J" f(r,x)drdx = 
J c f(r,x)drdx, where C = [2 k ~ 1 ,2 k ] x J, and || / f{r,x)dr\\ L P 2( fe - 1 )( 1 - 1 /f)||/|| i ^. 
Thus, it follows from (T4TTD that 

< 2 2fc ( 1 -^>||/||^( S up|C|- 1+1 /^ |/(r,x)|cfrdx) 5 , (4.8) 

where we used 2 fe ~ 1 |/| = \C\. 

In the case we are interested in we will need to estimate Q(\fk\ 3 ^ 2 , \fk\ 3 ^ 2 ) with the 
support of fk as before and G L 2 X , with a = 1/2 and p = 4/3. 

Corollary 4.8. There exist C < oo and 5 G (0, 2) u>z£/j £/je following property. Let 
k,k' G Z and /,g 6 L 4 / 3 (R 2 ) and suppose that f(r,x), g(r,x) are supported in the 
regions [2 fc_1 ,2 fc ] x R and [2 fc ' _1 , 2 k '} x R respectively. Then 

|Q(/^)| 2 ^L72^ fe+fc ')||/|| 2 ;/3||^|| 2 - 5 3(sup|C|^ / \f\drdx) 5 ( su V \C\-* [ \g\drdx 

W,x W,x \ c Jc J v c Jc 

(4.9) 

Proof. This follows from (14. 8 p and the Cauchy-Schwarz inequality for Q, 

Q(f,g) 2 ^Q(fJ)Q(g,g)- □ 

For /fc, /fc' G L 2 (R 2 rx) ) supported where 2 fc_1 < r < 2 fc and 2 fc '~ 1 < r < 2 fc ' 
respectively we obtain 

q(iai 3/2 , i/ fe H 3/2 ) 2 < 2i^'>ii/ fe iiir 5)/2 ii^ii? 2 2 ^ )/2 

■ (sup|C|- 1/4 I |/ fc | 3/2 drdxWsup|C|- 1/4 I \f k >\ 3/2 drdx) 5 . (4.10) 

The use of the Cauchy-Schwarz inequality for Q, and a decomposition as in Lemma 
13.21 implies that for fk,fy £ £ 2 (R r x [0, 27r] z ) supported where 2 /c ~ 1 ^ r < 2 k and 
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2 k '~ 1 «C r < 2 k ' the following estimate holds 

\f k (r,x)f k ,(r',x')\ 3 / 2 \ sin(a: - x'^dxdx'drdr'Y < 2^ k+k '^\\f k \\f- 5)/2 

J ^r,x 

■ II/*'II^ /2 (sup|C|- 1/4 / \f k \ 3/2 drdx) S (sup ICl' 1 ' 4 f \f k ,f 2 drdx) & . (4.11) 

5. The cap bound for the adjoint Fourier restriction operator 

Proposition 5.1. There exist C < oo and 5 G (0,2) with the following property. Let 
k,k' G 22 and f, g G L 2 {T 2 ), with f and g supported in the regions 2 k ~ 1 ^ \y\ < 2 k 
and 2 k ~ l \y\ < 2 k respectively, then 

\\Tf-Tg\\ L s m < C2-^l 1 1 1 / 1 1 1 1 sr 1 1 



• (suplCr 1 / 4 ^ |/|tda) f (sup|C|- 1/4 jf |^|f dcr) 1 . (5.1) 

Proof. Recall from Sectional equation 03.3 j) . that we have the inequality 
\\Tf ■ Tg\\ L3 < C(2 fc 2 fc ')~ 1/3 min(2 fc , 2 fc ') 1/3 

• (J \ f(y)g(y')\ 3/2 \sm(e - e')\^ 2 dede'drdr'y /3 . 

From (14. lip we obtain 

\\Tf ■ Tg\\ L > < (2*2'')- 1/3 min(2 *, 2'V' 3 2<'+™ 6 ||/||^»f|| S ||^f 

.(sup| C r"'/|/|'/f /3 (sup| C |-V'/| s |3/^ /S , 

which as in the proof of Lemma 13.31 can be rewritten as 

l|r/.ry||^<2H*-^/ fl ||/||Mf|b||Mf 

• (sup|Cr/ 4 / |/| 3 / 2 ) 5/3 (sU P |C|-^ f \gf 2 ) &l \ □ 



Corollary 5.2. There exist C < oo and 5 G (0, 2) with the following property. If 
f G L 2 (T 2 ) and f k = /X{2*-i<j,|<2*}i k G 22, then 

\\Tf\\le m <Cj2\\fk\\l^){ s ^\^ 1/4 I \fk? /2 daf m . 



(5.2) 



Proof. We start by writing \\Tf\\\ 6 = \\Tf ■ Tf\\ L s and Tf = Z k ez T fk, so the 
triangle inequality gives 

||r/.r/|| i3 <^||r/ fe -r/ fe ,|| L 3 
k,k' 
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that together with Proposition 15.11 gives 

HTfll 2 < \^9-| fc - fe 'l/6|| f ||(2-<5)/2|| f ||(2-<5)/2 
UJWl^ UkWitQ*) ll/fc'll L 2(r2) 

k.k' 

■ (sup|C|-^ f \f k \^f\su V \C\-^ I \f k ,f 2 ) 



The desired conclusion follows by the Cauchy-Schwarz inequality. □ 

By using Proposition 15 . 1 1 instead of Lemma \3. 3 1 we can obtain an analog of Propo- 
sition I3.4[ that is 

Proposition 5.3. There exist C < oo and 5 G (0, 2) with the following property. Let 
f G L 2 (T 2 ) and for k E Z let f k (y) = f (y)X{2*-H\y\<2 k } ■ Then 

\\Tf\\ L e m < cQT IIMI^^suplCr 1 / 4 I \f k f 2 da)y /3 . (5.3) 

Proposition 5.4 (Cap estimate). There exist C < oo and 5 E (0,2) such that for 
all f G L 2 (T 2 ) the following estimate holds 

\\Tf\\ Lem < C'||/||^ ( % 2 ) (sup|C|- 1 / 4 ^|/| 3 / 2 d ( 7) 5/3 , (5.4) 

Proof. From Proposition 15.31 we have 

$\ 1/3 



\\Tf\\ 



< 



EiiMiS M/2 (^p|cr 1/4 jfiM s/a ^ 



For each k, using that 5 ^ 2/3 (5 can be taken as small as desired by changing the 
corresponding implicit constants C in the inequalities) we have 



^IIMIi.ll/ll^^suplci- 1 / 4 ^!/! 3 / 2 ^) 5 . 

Then, adding over k, 

l|T/|U6<||/||^ /2 (sup|Cr 1 / 4 f \ff' 2 da) 



<5/3 

□ 



6. Using the cap bound 
We will prove the analog of [2l Lemma 2.6]. 

Lemma 6.1. For any 5 > there exist C$ < oo and rjs > with the following 
property. If f G L 2 (r 2 ) satisfies \\Tf\\ e ^ <5C||/|| 2 then there exists a decomposition 
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/ = g + h and a cap C satisfying 

o<\gl\h\<\f\, (6.1) 

g, h have disjoint supports, (6-2) 

\g(x)\ < Cs\\fh\Cr 1/2 X c(x), for all x, (6.3) 

Wgh^vsWfh- (6.4) 



Proof. For convenience, normalize so that 1 1 _/* 1 1 ^2 (r 2 ) — 1- By Proposition 15.41 there 
exists a cap C such that 

Jjf\ 3 / 2 drd6 ^ |c(o")|C| 1/4 . 

Let R ^ 1 and define E = {x G C : ^ -R}. Set g = f\E and h = f — /xe- 

Then g, h have disjoint supports, g + h = f, g is supported on C, and ||g||oo ^ -R- 
Since |/i(x)| ^ i? for almost every x EC for which h(x) ^ we have 

J |/i| 3/2 ^ R~ 1/2 J^h 2 ^ R~ 1/2 \\f\\ 2 2 = R~ l/2 . 

If we choose R by setting Rr 1 ! 2 = \c{5) |C| 1//4 , then 

/ m 3/2 = / m 3/2 - / w 8 ^ w*)icr. 

By Holder's inequality, since g is supported on C, 

\\gh > \C\- 1/6 (J M 3/2 ) 2/3 > c(5) = c'(6)\\f\\ 2 > 0. □ 

We note that the conditions \g(x)\ ^ C ( 5||/|| 2 |C|~ 1 / 2 Xc( ::c ) an d \\gW2 ^ f/sll/lh easily 
imply a lower bound on the L 1 norm of g. 

Lemma 6.2. Let g E L 2 (T 2 ) satisfying \g(x)\ a|C|~ 1 / 2 xc(3 ; ) IMI2 ^ /or 
some a, 6 > and CcT 2 . Tnen there is a constant C = C(a, 6) > suc/i t/iat 

|M| L i (r 2) ^CICI 1 / 2 . 

Proof. The hypotheses on (7 imply that |a _1 |C| 1 / 2 (7(x)| ^ Xc(%) ^ 1 an d thus 
h'^Cl^gWl < lla- 1 ^! 1 / 2 ^!. Therefore 

II II \ -1|/»|1/2|| 1 1 2 \ -lj,2|/»|l/2 r— 1 

||g||i ^ a |C| 7 ||g|| 2 ^ a |C| 1 . U 

7. Using the group of symmetries 

A Lorentz transformation, L, in R 3 is an invertible linear map that preserves the 
bilinear form 

A(x, y) = xiyi + x 2 y 2 - x 3 y 3 , 
x = (x 1 ,x 2 ,x 3 ),y = (yi,y 2 ,y 3 ) G R 3 , i.e. 

A(x,y) = A(Lx,Ly), for all x,y e R 3 . 
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Examples of Lorentz transformations are L 4 , M l and Re given next. For t £ (—1,1) 
we define the linear map Lf : R 3 — > R 3 by 

t, \ fxi+tx 3 X 3 +tX\ 



L (x 1 ,x 2 ,x 3 ) = —==,x 2 



{L t } te ^i i) is a one parameter subgroup of Lorentz transformations. Similarly, 

M(x 1 ,, 2 ,x 3 )=(x 1 , 7 =, 7 =j 

is a Lorentz transformation. 

One computes that L* and M l preserve the cone for all t £ ( — 1, 1), that is, L*(r 2 ) = 
M*(r 2 ) = T 2 . For A > we define the dilation D x : R 3 -> R 3 by D A (z) = Ax that 
clearly satisfies D\{T 2 ) = T 2 for every A > 0. For 9 £ [0, 2tt] we denote by Re the 
rotation in R 3 by angle 6 about the X3-axis 

Re(xi, x 2 , x 3 ) = (xi cos 9 — x 2 sin 9, x\ sin 9 + x 2 cos 0, 23). 

i?e preserves the cone for all ^ 9 ^ 2n. 

Associated to L*, M*, .Da, -Re are the operators L 4 *, M**, .D^ and R* g acting on a 
function / £ L 2 (r 2 ) by 

L*7 = foL\ M*f = fo M\ D*J = A 1 / 2 / o £> A , ^/ = / o i^, (7.1) 



where "o" denotes composition. We also define L t = y/T— t 2 L l = D^—pL* and L* t 
by 

L* t f(xi,x 2 ,x 3 ) = (l-t 2 )*foL t (xi,x 2 ,x 3 ) = (l-t 2 )^f(xi + tx 3 ,Vl - t 2 x 2 , x 3 +tx x ). 

The measure a is invariant under the action of Lorentz transformations that pre- 
serve the cone, and in fact is the only one with that property, up to multiplication 
by constant; for this we refer to pj where the case of the cone in R 4 is considered. In 
this paper we only need to know that for every t £ (—1,1), I) and M l preserve the 
measure a and this can be done directly using the change of variables formula and 
seeing that the Jacobians work out. We write it in the next proposition and include 
the proof for completeness. 

Proposition 7.1. For any t £ (—1,1) the linear maps L*, M* are invertible, preserve 
V 2 , that is L'(r 2 ) = M*(r 2 ) = T 2 , and preserve a, that is, for any f £ L x (r 2 ) 

/ o L l do = I f o M l do- = I fda. 
r 2 Jr 2 Jr 2 

Proof. Letting P(x±, x 2 ,x 3 ) = (x 2 ,xx,x 3 ) we see that M* = P o L l o P and so it is 
enough to prove the statements for Lf . The inverse of L l is L - *. That L*(r 2 ) C T 2 
follows from the equality 

/x 3 + txi \ 2 _ rxi +tx 3 \ 2 

and the inequality 

x 3 + txi > 

v / r 3 t 2 " 
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whenever x\ = x\ + x\ and £3 ^ 0. Since the same is true for it follows that 
L*(r 2 ) = T 2 . For the invariance of the measure, let / G L x (r 2 ). We have 

Vi + ty 3 ya + tyi\ dy 1 dy 2 



[ f 0^,^x3)^,^x3)= ! 



2/? + 2/1 



where y 3 = \/yf + y\- We use the change of variables u = ^=|| = yi+ ^^?~ — ; u 
?/2- We note that the Jacobian is 

0(u,v) _ 1 ^ , 

or equivalently 



0(2/1,3/2) vT^V v^fT^f 



v VW+yl + tyi 

Now, since j/2, 2/3) lies in T 2 we also have 

/-5-i 2 ^ 3 + *2/l 

It follows that the Jacobian factor can be rewritten as 



0(2/1,2/2) = y/yj + 2/1 

8(U,V) y/u 2 + V 2 ' 

Therefore, letting w = y/u 2 + v 2 , 



yi+ty 3 2/3 + %\ d yi dy 2 f ( . c/ucfo 
2/2, = , „ = / f{u,v,w) 



or equivalently, 

/ o = / fda. □ 



The Lorentz invariance of the measure implies invariance of the L 2 norm, for / e 

L 2 (r 2 ) 

\\L u f\\v>w = HM'viUv) = K/lkw = = II^/Hl» w = ll/llx» w . 

(7.2) 

Using the Lorentz invariance of a it is direct to check that for all p £ [1, 00] the L p 
norm of Tf does not change under Lorentz transformations in the sense that 

\\T{foL)\\ LP{m = \\Tf\\ LPim . (7.3) 

Indeed, writing 

Tf(x,t)= [ e^ye^f(y,y')da(y,y')= [ jM(*,-t),M)) f(y, y ')da(y,y'), 
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thus 

T(foL)(x,t) = [ e iA ^^foL{y,y')da{y,y') 

M(L(*,-t)Mv,v')) foL{yj y ')da(y,y') 

M(L( X ,-t),(y,y')) nyjy/)da{y ^y 



Since for a Lorentz transformation L, | det L\ — 1, (17. 3p follows by change of variables 
in the case p G [1, oo). When p = oo, ( 17.3 p follows since L is invertible. 
We can use the group of symmetries to widen caps, that is, we have 

Lemma 7.2. Let C C [1/2, 1] x [0, 2ir] be a cap in T 2 . Then there exist t G [0, 1) and 
9 G [0, 2n] such that L~[ 1 Rq 1 [C) satisfies 

a{L^R~\C)) > ~ and L~ l R~\C) C [1/4, 1] x [0, 2tt]. (7.4) 

Proof. Let G [0, 2tt] be such that i^C = [1/2, 1] x [-e,e], for some e G [0,tt]. The 
measure of C is a{C) = \C\ = e, and so we can assume e < 1/2, otherwise we are done 
by taking t = 0. 

The inverse of L t is L^ 1 = (1 — t 2 )~ 1 / 2 L~ t and the measure of L^ 1 Rg 1 (C) is 

^r 1 ^)) = -*)- x i*zr*iq;\C)) = a{{Lr l R e \^-t 2 Y 1/2 c)) 

= a((l-t 2 y 1 / 2 C) = (l-t 2 )- 1 / 2 o-(C), 

where we used the invariance of a under Lorentz transformations and that a(XC) = 
|A|cr(C) for any A G R. 

Let t be such that a{L^ x Rr e 1 {C)) = 1, that is t = (1 - \C\ 2 Y' 2 = (1 - e 2 ) 1 / 2 . Now 
we write Rq X C = {(r cosy?, r sin <f,r) : 1/2 ^ r ^ 1, — e ^ <p ^ e} , so that 

, i „ i ,. s r , 9n 1/COS09 — t 1— tCOSOJN 1 

^ V(0 = {r(l - t 2 )^ ( (1 _^ 2)1/2 , sm ^ {1 _ t2)i ; 2 ) :-<r^l-e^^^e 
Note that for 1/2 ^ r ^ 1 and — e ^ y? ^ e we have 

[ ' {i-t 2 y/ 2 % i-t 2 i + t^ 

because cos ip ^ cos e ^ t. Similarly 



and 



r (l_ t 2 ) -l/2| sin ^|^^£^ 1 



1 1 1 — t 1 — t COS i-P 

- ^ = ^ r ^ 1. 

4 2(1 + t) 2(1 -t 2 ) 1-t 2 



Then t = (1 — e: 2 ) 1 / 2 gives the desired conclusion. □ 
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Corollary 7.3. Let {/ n }neiN be a sequence of nonnegative functions in L 2 (T 2 ) with 
||/n||i 2 (r 2 ) = 1 and such that there exists a cap C n C [1/2, 1] x [0, 2ir] with the property 



I f n da^c\C n \ 1/2 : 



(7.5) 



where c > is independent of n. Then there exist sequences {t n } n£ ^ C [0, 1) and 
{&n}n£¥! C [0, 2tt] such that {L$Rg /n} n6 ]N satisfies that every weak limit in L 2 (T 2 ) 
is nonzero. 

Proof. L* t and R* 9 preserve the L 2 (T 2 ) norm thus || L* t R* e / n || i2 ( r 2) = 1 for any t G [0, 1) 
and 9 G [0, 2ir]. It follows that for any sequences {t n }„ e N C [0,1) and {9 n } nG ^ C 
[0, 27r], the set of L 2 -weak limits of {L* tn R* en f n } is nonempty. 
Under the action of L* t R* e the integral of a function / changes according to 

J L* t R* 9 fda = (1 - t 2 )" 1 / 4 J Rlfda = (1 - t 2 )-V4 J fda . (7.6) 

By Lemma f7.2[ for each n there exist t n G [0, 1) and 9 n G [0, 2tv] such that 

a(L^R^(C n )) > \ and L^R^(C n ) C [1/4,1] x [0,24 

Suppose that for a subsequence (that we call the same) L* tn R* dn f n — /, as n — > oo, 
for some / G L 2 (r 2 ). Using (17. 5p and (17. 6p we have 



/ L* tn R* e J n da > (1 - * 2 r V4 / / B d* 

Jfl/4,llx[0,2irl JC„ 



^ c(l - t^)" 1 / 4 !^! 1 / 2 = c(a(L- 4 ^(C n ))) 1/2 £ ^ (7.7) 



From (17. 7p and the weak convergence it follows that 



/ 

J\i, 



c 



fda ^ — > 

r [1/4,2] x[0,2tt] v2 

and so / ^ 0. □ 

8. The proof of the precompactness 

In this section we prove that up to symmetries of the cone, an extremizing sequence 
is precompact. 

We will give two proofs. In this section the proof will be based on jl] and [5]; the 
other will be based on [2] with a modification coming from [I] and is given in Section 
E 

Recall that C, given in (11. 3p . denotes the best constant in the inequality (II .2p . in 
other words, C = ||T||, the norm of the operator T as a map from L 2 (r 2 ) to L 6 (R 3 ). 
We start by stating Proposition 1.1 of jl] for the cone. 

Proposition 8.1 ([!]). LetT : L 2 (r 2 ,<j) — > L 6 (R 3 ) be the Fourier extension operator 
defined in (II. ip . Let {/ n } n£N C L 2 (r 2 ) such that: 

(i) lim ||/ n || 2 = 1; 
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(ii) lim ||T/ n || L 6 (]R 3) = C; 

ro— »oc 

(iii) /,. -/./ 0; 

(iv) Tf n -» Tf a.e. in R 3 . 

Then f n ^-fin L 2 (T 2 ), in particular \\fW2 = 1 and HT/H^e^) = C. 

We have changed slightly condition (i) in Proposition 1.1 of jl] from ||/ n ||2 — 1 to 
linin^oo || /n|| 2 = 1, but the proposition as stated here is easily shown to be equivalent 
to the one in jl] by considering / n /||/ n ||2- Note that an extremizing sequence {f n }ne¥s 
as in Definition 11.21 satisfies (i) and (ii) in the previous proposition. 

We now restate the precompactness theorem, Theorem 11.31 i n a more precise way, 

Theorem 8.2. Let {/„} ne N be an extremizing sequence for (11.21) of nonnegative func- 
tions in L 2 (T 2 ). Then there exist sequences {t n }neiN C (—1, 1), {# n }neN C [0,27r] and 
{Ki}neiN C (0,oo) such that {L^Rg D x f n }neTH is precompact, that is, any subse- 
quence has a convergent sub-subsequence in L 2 (T 2 ). 

Proof. Since {/ n }„ e N is an extremizing sequence, for all n large enough ||T/ n || 6 ^ 
v || fn\U- By Lemma I67T1 with 5=1/2 there exists C < 00 and 77 > 0, a decomposition 
fn = 9n + h n and a cap C n satisfying (16. ip . (16. 2p . (I6.3P and (16. 4p . Using that H/nlU 2 — > 
1, as n — > 00, and Lemma [6.21 for g n gives 

H^nlU^r 2 ) ^ ClCnl^ 2 , 

where C is independent of n. 

Now there exists {A n } ne iN C (0, 00) such that A" 1 ^ C [1/2, 1] x [0, 2ir] and A" 1 ^ 
is a cap as in Definition ^. II By dilation invariance {D Xn f n } n& -^ is also an extremizing 
sequence, with ||-D^/ n || 2 = H/nlh- The decomposition for f n gives a decomposition 
for D \Jn, D*xjn = D\ n g n + D* Xn h n , and 

/ _ D* x J n da > ||^^ re |Ui (r2 ) ^ CIA; 1 ^) 1 / 2 . 

We now apply Corollary 17.31 to {D\ n fn\n to obtain sequences {tn}ne]N 

C [0, 1) and 

{#n}neN C [0, 2n] such that every weak limit of {L* tn R* en D* Xn f n } n in L 2 (T 2 ) is nonzero. 

In view of Proposition 18.11 the theorem is proved if we show that, after passing to 
a subsequence, if L* tn R* dn D* Xn f n — /, as n — > oo, then T L* n R* en D* Xn f n — >• T/ a.e. in 
R 3 . We will do this by using the following proposition. □ 

Proposition 8.3. Let {n n } ng Kf be a uniformly bounded sequence in L 2 {T 2 ), i.e., 
sup n ||u n ||2 =: c < oo. Suppose there exists u £ L 2 (r 2 ) snc/i t/iat u n ^ u as n — >■ oo. 
T/ien, t/iere exzsfo a subsequence {wn fc }fceN such that Tu nk — >■ Tu a.e. m R 3 . 

Proof. The proof of this is contained in the proof of Theorem 1.1 in [5]. We repeat it 
here for the convenience of the reader (and the author). We start by defining v n (y) 
by its Fourier transform 

v n (y) = un(y)l!/r\ 

and v(y) = u(y)\y\~ x . 
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Since ||« n |||a(ra) = / R a K(y)| 2 § < c 2 we see that 



^11^1/2(^2) 



/ R2 \v n (y)\ 2 \y\dy ^ 



c 2 . The operator T applied to u n equals (27r) 2 e lt ^^v n . Fix t G R, by the continuity 
of e iiv/=s in if 1 / 2 (R 2 ), we have 



weakly in H^ 2 (R 2 ), as n — > oo. Then, by the Rellich Theorem ((21 Theorem 1.5]), 
for any R > 



strongly in L 2 (B(0, R)), as n — > oo. Denote by 

2 



Fn(t) 



|x|<_R 



dx 



^ A (V U — V)\\ £,2( B ( 0) .R)). 



By Holder's inequality and Sobolev embedding, if 1 / 2 (R 2 ) C L 4 (R 2 ), we obtain 

F n (i) ^ Ci?||e ft ^K - v)\\% 1/2m < 2C72, 
consequently, by the Fubini and dominated convergence Theorems we have that 



R 



F n (t)dt 



cfe<it -> 



as n — >■ oo. This implies that, up to a subsequence, 

e itV ^{v n - v) -> a.e. in 5(0, i?) x (-#, 

Repeating the argument on a discrete sequence of radii R n such that R n — > oo, as 
n — )• oo we conclude, by a diagonal argument, that there exists a subsequence v nk of 
v n such that 

e it N /=A^ _ v ^ x j _^ q a e for ( X;t ) g R 2 x R, 
or equivalently, in terms of the sequence {u n } n£N , 



Tu 



Tu -> a.e. in W . 



□ 



This concludes the proof of Theorem 18.21 For the proof of Theorem 18.21 using the 
Christ-Shao argument we will need the next proposition, an analog of Proposition 
18. 1| which of course follows from Propositions 18.11 and I8.3| but the idea is to give an 
alternative approach. 

We denote B(0, R) c := {x G R 2 : \x\ ^ R}, the complement of the ball B(0, R). 

Proposition 8.4. Let T : L 2 (T 2 ,a) — > L 6 (R 3 ) be the Fourier extension operator 
defined in (II. ip . Let {/ n } neN C L 2 (r 2 ) such that: 

(i) lim ||/ n || 2 = 1; 

n— >oo 

(ii) lim HT/nlliefRS) = C; 

(iii) /,. •/./ 0; 

(iv) sup \\fn\\&(B(o,R)°) < @(-R), where Q(R) as R ^ oo. 



Then f n — )■ / in L 2 (T 2 ), in particular 



1 and ||T/|| L 6 (R 3) = C. 
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Proof. Our proof follows that of Proposition 1.1 in |4]. We will denote by o„(l) a 
quantity depending on n only that satisfies lim^oo o n {l) = 0. We will allow o n (l) to 
change from line to line without changing its name. 

Let R > 0. Note that because of the weak convergence we also have ||/||l 2 (s(o,j?) c ) 
Q(R). Denote f R = fxB(o,R) an d f R = f n XB(o,R)- Because of the weak convergence 
and the compact support of f R and f R , we have 

T(f R )^T(f R ), a.e. in R ; \ 

and because of the continuity of T, 

\\T(fn-f T R )h,\\T(f-f R )h^Ce(R). (8.1) 

Thus by triangular inequality, using that \\Tf R — Tf R \\ e ^ C for all n and the 
binomial expansion 

\\Tfn - Tf\\t <: (\\Tf n - Tf R \\ 6 + ||rC/? - f R )\\ 6 + \\T(f R - f)hf 

^ \\Tf R -Tf R \\l + Ce(R), (8.2) 

and similarly 

\\Tf R - Tf R \\t *C \\Tf n - Tf\\t + Ce(R). (8.3) 
Using the Brezis and Lieb Lemma as in [4] we get 

\\Tf R - Tf R \\t = \\Tf R \\t - \\Tf R \\t + o^(l), (8.4) 

where o n ,i?(l) — > as n — > oo, when we keep R fixed. Using (18. ip . (18.21) and (18.41) we 
obtain 

| ||T/ B - Tf\\t - (\\Tf n \\t - \\Tf\\l)\ < o n , R (l) + CQ(R), (8.5) 
By the weak convergence 

\\fn-f\\l = \\fn\\l-\\f\\l + On(l) (8.6) 

or equivalently 

lim ||/„-/||i = l-||/||i. (8.7) 

n— >oo 

Using that {/ n }neN is a maximizing sequence for T we get 
„^„ a _ \\Tfn\\i , m< (\\Tf n -Tf + ||T/||« + 0B , fl (l) + CQ(R))^ 

11 " WW + A ^ ll/n-/|||+||/||| + O n (l) ' + 0n[i) 

(8-8) 

l|T/ B -T/||g + ||T/||g + 0n , fl (i) + ce(iz)s rsq . 

ll/»-/|ll+H/|li + On(l) 1 ' 

where we used the inequality 

(a + b + cf < a* + 6* + c', for all a, 6, c > and < i < 1. 
The continuity of T and (I8.9P imply 

ll T „ a< ril 2 ll/n-/||i + ||T/||g + o w , fl (l) + C9(i?)^ 

11 11 " /111 + 11/113 + 1 h 
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and hence 

l|T|| 2 (||/„ - f\\l + ||/|| 2 + o n (l)) < ||T|| 2 ||/ n -f\\j+ \\Tf\\l + o„, R (l) + CQ(R)K 
that after canceling terms implies 

\\n 2 (\\f\\l + o n (i)) < \\Tf\\l + 0^(1) + ce(i2)4. 

Since we also have the inequality ||T/||g ^ II ^ II 2 II /II I we can ^ a ke ^ ne limit as rt — > oo 
in the previous inequality followed by a limit as R — > oo to obtain 

\\Tfh = \\T\\\\f\\ 2 . (8.10) 

Note that this implies that / is an extremizer for T since / ^ by hypothesis. It 
remains to prove that f n — > f in L 2 (T 2 ). Using (18. 9p and ( 18. lUj) we get 

llTl{2 ^ \\Tnni + \\Tfn-Tf\\l + o n , R (l) + Ce(R)l 

" " " ll/n-/||I+||/||i + n(l) + 

which as before implies 

rfdl/n - f\\l + o n (l)) ^ \\Tf n - Tf\\l + o n , R (l) + CQ(R)l (8.11) 
and by continuity of T 

||r/ re -r/|| 2 <||r|| 2 ||/ n -/|| 2 . (8.12) 

Using (18.111) . (I8.12p and (18. 7p we can take the limit as n — » oo and then the limit as 
i? — > oo to obtain 



hm ||T/ n -r/|| 2 =||T|| 2 (l-||/ 



2^ 



Now, using this last equality together with (18. 5p and the fact that {/ n } ne N is an 
L 2 -normalized extremizing sequence gives 

||T|| 6 = hm ||T/ n ||Hn| 6 (l-||/||^) 3 + ||T|| 6 ||/||6, 

n— >oo 

(1-Il/Il2) 3 + ||/||i = l ^d ||/|| 3 <1. 
This easily implies that either ||/||2 = 1 or H/H2 = 0. The latter case does not hold 
since / ^ by assumption. Thus ||/||2 = 1 and f n — > f in L 2 (r 2 ). □ 

9. The Christ-Shao concentration compactness argument 

We are now ready to use the Christ-Shao concentration compactness argument to 
gain control over extremizing sequences. We follow the same lines as in [2] so many 
of the arguments are the same. We will indicate when changes are needed, but will 
not go over the entire argument. We note that there will be one part we will do in a 
different way, namely we will not study "cross terms", section 14 in [2], but instead 
we will use an argument in [4] that to the author seems much easier. In this way we 
avoid the need of the use of Fourier integral operators (sections 7.3 and 7.4 in [2]). 

We now state the results from [2] of interest for us. We indicate the changes needed 
in our case and if we just state the result without proof is because it is exactly as in 
[2] with the possible exception of changing norms from L 4 in their case to L 6 in our 
case. 
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Definition 9.1. A nonzero function / G L 2 (T 2 ) is said to be a 5- nearly extremal for 
(Q if 

\\Tf\\m m >(i-s)c\\f\\ LHr2) . 

Lemma 9.2. Let f = g + h E L 2 (T 2 ). Suppose that g _L h, g ^ 0, and f/iaf f is a 
5-nearly extremal for some 5 G (0, |]. TTien 

^<CmaxfE*,^). (9.1) 



7/ere C < oo is a constant independent of g, h. 

Let M. be the set of all caps modulo the equivalence relation C ~ C if there exists 
fc G TL such that C,C C [2 k ~\ 2 k ] x [0, 2tt]. We define the following metric on M. 

Definition 9.3. For any two caps C,C C T 2 , 

g([C],[C'}) = \k-k'\ (9.2) 

where C = [2 fc_1 , 2 k ] x J and C = [2 k '" 1 , 2 fc '] x J' and [C] denotes the equivalent class 
[C] = {[2 fc -\ 2 k ] x 7 : 7 C [0, 2vr] and 7 is an interval }. 

We will also write q(C,C) = g([C], [C]). 

The equivalent of [21 Lemma 7.5] is the bilinear estimate in Lemma I3~3"l We restate 
it in the language of caps. 

Lemma 9.4. Let f,g G L 2 (r 2 ) supported in the caps C,C respectively, then 

\\Tf-Tg\\ L ^C2^ c > c '^\\f\\ 2 \\g\\ 2 , 

in particular 

\\Txc-Txc>\\l* <C2-e( c > c ')/6| C |i/2| C /|i/2_ 
Tfere C < oo is a universal constant. 

We now move to the decomposition algorithm, j2j Section 8]. Note that the de- 
composition algorithm does not depend on the specific manifold we are dealing with, 
it just requires Lemma 16.11 

Given a nonnegative function / G L 2 (T 2 ), the decomposition algorithm gives, in 
brief, a sequence of disjoint caps {C u } ue ^, constants {C^jveN, nonnegative functions 
f u supported on C v and nonnegative functions G u , whose support is disjoint from 
fo + ■ ■ ■ + U-x, such that f v < a|a|- 1/2 Xc„ / = Eu=o U + G N , for all N > 0, and 
/ = E^Lo /"> where the sum is L 2 (r 2 )-convergent, j2j Lemma 8.1]. 

Other useful properties can be obtained if / is nearly extremal for ( II. 2p . Lemmas 
8.2, 8.3 and 8.4 in [2] have exact analogs for the cone. We mention here the ones we 
will use. 

The analog of Lemma 8.3 in [2] for the cone implies 

Lemma 9.5. There exists a sequence of positive constants 7^ — > and a function 
N : (0, \] -> Z+ satisfying N(5) 00 as 5 such that for any nonnegative 
f G L 2 (r 2 ) that is 5-nearly extremal, the functions {f u ,G u } vG ^ obtained from the 
decomposition algorithm satisfy 

\\G„\\ 2 ,\\f v \\ 2 ^^\\f\\ 2 for all u^N(5). 
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This lemma will be used in the following way: given e > we can find v(e) such 
that 7j, < e 3 for all v ^ v(e). If we let 5(e) be such that N(5) ^ vq for all 5 ^ 5(e) 
it follows that an inequality ||Gjv||2 ^ £ 3 applied to a ^<5(e)-nearly extremal / whose 
decomposition is {f v ,G v } u£N , implies N ^ N(5(e)) or N > N(^5(e)). The fact 
that {||(ji/||2}i/eN is a nonincreasing sequence discards the second possibility, hence 
N ^ N(5(e)) =: M £ . 

From Lemma [6.11 the analog of Lemma 8.4 in [2] follows 

Lemma 9.6. For any e > there exist 5 e > and C £ < oo suc/i t/iat /or every Se- 
near/?/ extremal nonnegative function f G L 2 (T 2 ), the functions f u ,G u and the caps 
C u associated to f via the decomposition algorithm satisfy f u ^ C e || /|| 2 ~ 1 / 2 xc l , 
and \\fuh > 4|| /H2 whenever \\G V \\ 2 ^ e||/||2- 

We now move to the analog of [21 Lemma 9.2]. The only difference in the proof 
compared to that in the paper of Christ-Shao is that we need to replace the L 4 norm 
by the LP norm. 

Lemma 9.7. For any e > there exists 5 > and A < 00 such that for any ^ / G 
L 2 (r 2 ) which is 5-nearly extremal, the summands f v produced by the decomposition 
algorithm and the associated caps C v satisfy 

g{Cj,C k ) ^ A whenever ||/J 2 ^ e||/|| 2 and \\f k \\ 2 > e\\f\\ 2 . (9.3) 

Proof. It suffices to prove this for all sufficiently small e. Let / be a nonnegative 
L 2 function which satisfies H/H2 = 1 and is 5-nearly extremal for a sufficiently small 
5 = 5(e), and let {G u , f v } u ^ be associated to / via the decomposition algorithm. 
Set F = 

Suppose that ||/j || 2 ^ £ and ||/fe ||2 ^ £■ Let iV be the smallest integer such that 
|| <j jv-f-i || 2 < £ 3 - Since || || 2 is a nonincreasing function of z/, and since \\f u \\ 2 ^ ||G>|| 2 , 
necessarily jo,ko ?S N. Moreover, from the comment after Lemma [9.51 there exists 
M e < 00 depending only on e such that N ^ M e . By Lemma I9"l)} if 5 is chosen to be a 
sufficiently small function of e then since ||Gv||2 ^ £ 3 for all v ^ N, f v ^ #(e)|C| -1 / 2 Xc 
for all such z/, where 9 is a continuous, strictly positive function on (0, 1]. 

Now let A < 00 be a large quantity to be specified. It suffices to show that if 5(e) 
is sufficiently small, an assumption that g(Cj,Ck) > A implies an upper bound, which 
depends only on e, for A. 

There exists a decomposition F = F\ + F 2 = ^2 ue g fu + Ylves 2 f v w ^ere [0, N] = 
Si U S 2 is a partition of [0,N], jo G Si, k G S 2 , and e(C,-,C fc ) ^ A/2iV ^ X/2M £ for 
all j G 5i and k G S , 2 . Certainly ||-Fi|| 2 ^ H/jolh ^ £ and similarly ||F 2 || ^ e. The 
cross term satisfies 

||TFx • TF 2 || 3 ^ E H T £ • T ^l 3 ^ M 2 7 (A/2M £ )^) 2 , 
jeSi fces 2 

where 7(A)— )• as A - ?• 00 by Lemma [3 .31 Expand 

\\TF-TF\\l <: ||TFi|||+ ||TF 2 ||| + 15||(TFi) 2 -TF 2 ||^ + 15||TFi- (TF 2 ) 2 || 2 
+ 20||TFi ■ TF 2 y + 6|| (T^) 5 • TF 2 \\ 1 + 6||TFi • (TF^Wl 
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By using Holder's inequality 

\\TF ■ TF\\l < \\TF4l + \\TF 2 \\t + 20\\TF 1 ■ TF 2 \\l 
+ mTF l \\i+\\TF 2 \\i)\\TF 1 .TF 2 \\ 3 
+ 15(\\TF 1 \\l+\\TF 2 \\l)\\TF 1 .TF 2 \\l 

and using that T is continuous and denoting C = ||T|| we get 

\\TF ■ TF\\l < C'mWt + ||F 2 ||«) + 20\\TF 1 ■ TF 2 f 3 
+ 60^111 + \\F 2 \\I)\\TF 1 .TF 2 \\ 3 
+ 15C 2 (\\F 1 \\l + \\F 2 \\l)\\TF 1 .TF 2 \\l 

Since F\ and F 2 have disjoint supports, H-P1II2+ ll-^Hl ^ II /II 2 = 1 an d consequently 

\\F4t + ||F 2 || 2 4 < maxdlFl^ ||F 2 || 2 ) ■ (H^Hl + \\F 2 \\\) < (1 - a 2 ) ■ 1 = 1 - e\ 
\\F x \\l + ||F 2 ||« < maxdlFHi ||F 2 || 2 ) 2 ■ (\\F\H + \\F 2 \\l) < (1 - e 2 ) 2 • 1 = (1 - e 2 ) 2 . 

Thus 

||TF • TF\\l < C 6 (l - e 2 ) 2 + 20(M 2 7 (A/2M £ )#(e) 2 ) 3 
+ 6C 4 (1 - e 2 )M 2 el (\l2M £ )6(e) 2 
+ 15C 2 (M 2 7 (A/2M £ )^(e) 2 ) 2 . 

On the other hand repeating the previous calculations with F\ = F and F 2 = f — F 
and using that ||/|| 2 = 1, ||/ — F\\ 2 ^ e 3 < 1 we get 

(1 - 5) 6 C e <\\Tf- Tf\\l ^\\TF- TF\\l + C\\f\\ 2 \\f - F\\ 2 

<: \\TF -TF\\l + Ce 3 . 

Hence 



(1 - <5) 6 C 6 ^ Ce 3 + C 6 (l - e 2 ) 2 + 20(M 2 7 (A/2M £ )#(e) 2 ) 3 

+ 6C 4 (1 - £ 2 )Af 2 7 (A/2M £ )#(e) 2 + 15C 2 (M 2 7 (A/2M £ )^(e) 2 ^ 2 



Since 7 (£) — )■ as £ — >■ oo, for all sufficiently small e > this implies an upper 
bound, which depends on e, for A, as was to be proved. □ 

Proposition 9.8. There exists a function : [1, oo) — > (0, oo) satisfying Q(R) — > 
as R — > oo with the following property. For any e > there exists 5 > suc/i #ia£ 
any nonnegative function f £ L 2 (r 2 ) satisfying \\f\\ 2 = 1 which is 5-nearly extremal 
may be decomposed as f = F + G where F, G are nonnegative with disjoint supports, 
|| G || 2 < £, and iaere exists k £ Z suca £aai 

/ \F(y)\ 2 da(y)+ [ \F(y)\ 2 da(y) < 6(i?), Vfl > 1. (9.4) 

J|j/|<2 fc _R- 1 J|j/|>2 fc R 
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Remark 9.9. It will be clear from the proof of Lemma [9.101 that if there exists a cap 
C C [2 fc °,2 fco+1 ] x [0,2vr] such that g := fxc satisfies 

\g(x)\ ^ C\\f hlCl-^xc^x and 

\\gh>c\\f\\ 2 

for C, c universal constants, then we can take k = ko, and F ^ g on T 2 . 

Lemma 9.10. There exists a function : [l,oo) — > (0, oo) satisfying 0(i?) — > as 
R — > oo with the following property. For any e > and Re. [1, oo) there exists 5 > 
such that any nonnegative function f G L 2 {T 2 ) satisfying ||/||2 = 1 which is 5-nearly 
extremal may be decomposed as f = F + G where F, G are nonnegative with disjoint 
supports, \\G\\2 < e, and there exists k E7L such that for any R E [1, R] 

[ \F(y)\ 2 da(y)+ [ \F{y)\ 2 do{y) < Q(R). (9.5) 

J\y\<2 k R- 1 J\y\>2 k R 

Proof that Lemma \9.10\ implies Proposition \9.8[ Let be the function promised by 
the lemma. Let e, f be given, and assume without loss of generality that e is small. 
Assuming as we may that is a continuous, strictly decreasing function, define 
R = R(e) by the equation Q(R) = e 2 /2. Let k, 5 = 5(e, R(s)) along with F, G satisfy 
the conclusions of the lemma relative to e,R(e). Define x to be the characteristic 
function of the set of all x E R 2 which satisfy \x\ > 2 k R or \x\ < 2 k R~ 1 . Redecompose 
/ = F + G, where F = {l~x)F and G = G + xF. Then ||G|| 2 < 2e, while F satisfies 
the required inequalities. For R> R we have F = 0, and if R ^ R, then, 

\F(x)\ 2 da(x) ^ [ \F(x)\ 2 da(x) ^ Q(R), 

|x|>2 fc _R, J\x\>2 k R 

and similarly for the other integral. □ 

We now prove Lemma [9. 10 [ the analog of Lemma 10.1 of [2] 

Proof. Let rj : [1, oo) — >■ (0, oo) be a function to be chosen below, satisfying rj{t) — > 
as t — oo. This function will not depend on the quantity R. 

Let R ^ 1, R E [1, R], and e > be given. Let 5 = 5(e, R) > be a small quantity 
to be chosen below. Let ^ / G L 2 {Y 2 ) be a 5-nearly extremal, with ||/|| 2 = 1. 

Let {fv} U £iN be the sequence of functions obtained by applying the decomposition 
algorithm to /. Choose 5 = 5(e) > sufficiently small and M = M(e) sufficiently 
large to guarantee ||C?m+i||2 < s/2 and that f u ,G u satisfy the conclusions of the 
analog of Lemma 8.4 and Lemma 8.3 in [2] for v ^ M. Set F = Ylt=o fv Then 
\\f-F\\ 2 =\\G M+ i\\2<e/2. 

Let N G {0, 1, 2, . . . } be the minimum of M, and the smallest number such that 
H/V+1H2 < rj. N is bounded above by a quantity which depends only on r\. Set 
F = Fn = Yl!k=G fv ^ follows from Lemma 8.4 in [2], that 

\\F — F\\2 < 7(77) where 7(77) — > as r] — > 0. (9.6) 

This function 7 is independent of s, R. 
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To prove the lemma, we must produce an integer k and must establish the existence 
of 0. To do the former is simple: To fo is associated a cap Co C [2 k °~ 1 , 2 k °] x [0, 2ir] 
such that f ^ C|Co| _1 ' 2 Xc ; f° r some universal constant C. k = /c is the required 
integer. Note that by Lemma [6. 14 H/0II2 ^ c f° r some positive universal constant c. 
This implies, by Lemma E2J that ||/o||i ^ c' |Co | 1//2 , for some universal constant c' . 
This last remark will be of use after rescaling. 

Suppose that functions R (->■ 77 (R) and R (-)■ Q(R) are chosen so that 

77 (.R) -»• as R ->• 00, 

7(77 (#)) < 0(i2)s for all R. 

Then by (j9.6j) . F — F already satisfies the desired inequalities in L 2 (T 2 ), so it suffices 
to show that F(x) = whenever \x\ ^ 2 k °R or |a;| 2 k °R~ 1 . 

Each summand satisfies ^ C {r])\Ck\~ l ^ 2 Xc k ^ where C(rj) < 00 depends only on 
77, and in particular, fk is supported in Ck- \\fkW2 ^ V f° r ah & ^ N, by definition 
of iV. Therefore by Lemma [9.7[ there exists a function 77 1— >■ A (77) < 00 such that if 
5 is sufficiently small as a function of 77 then g(Ck,Co) =S5 A (77) for all k ^ N. This is 
needed for 77 = rj(R) for all R in the compact set [1,-R], so such a 5 may be chosen 
as a function of -R alone; conditions already imposed on 5 above make it a function 
of both e, _R. 

Let r fc G Z be such that C k C [2 Tfc ,2 Tfc+1 ] x [0,2vr]. Then |r fc - fc | ^ A(r/), so 
2 r fe ^ 2 k °2 x ^ and 2 Tfe ^ 2 fc °2- A W. Choosing R ^ rj(R) so that 2 A ^» < i? gives 
J'(x) = when |x| ^ 2 fc °i? and when |x| ^ 2 ko R~ 1 . 

We therefore choose a function 77 such that 77 (R) — » as R — > 00 slow enough to 
ensure A(r/(i2)) ^ log(fl). We then choose Q(R) = 7(r/( J R)) 2 , for all R ^ 0. □ 

We are now ready to give a proof of Theorem 18.21 based in the Christ-Shao con- 
centration compactness argument. 

Alternative proof of Theorem \8.2 . Let {/ n }neN be an extremizing sequence. We start 
as in the proof of Theorem 18.21 by using Lemma 16.11 with 5 = 1/2 to decompose 
fn = 9n + hn and to obtain a cap C n satisfying the conclusions of Lemma 16.11 We 
then find {A n } n6]N , {t n } n& ^ and {^„} ng]N such that the set L^ n R^D^ C n is contained 
in a bounded region independent of n and has measure comparable to 1. 

Define /„ = L* tn R* 9n D* x J n , g n = L^i^ZJ*^, h n = L* tn R* 8n Dl n h n and C n = 
L^Rq C n . Then g n and h n have disjoint supports, g n is supported on C n C 
[|, 1] x [0, 2ir], a{C n ) ^ ~ and there exist < c, C < 00 independent of n such that 

\g n (x)\ ^C\\f n \\ 2 \C n \~ l/2 XcS x )' and ll^nlb ^ c||/ n || 2 . (9.7) 
This implies that /„ satisfies 

||/nX{i<| y |<i}||2 > c' and Jf n x { i^\ y \ <1 }da{y)>d, (9.8) 

for all 77, with a constant d > independent of n. 

We now apply Proposition 19. 81 to {/n/H/nlhlneN with e n = 1/n, n ^ 1, to obtain a 
subsequence of {/ n }neN (that we call the same), that satisfies the following. Each f n 



30 



RENE QUILODRAN 



can be decomposed as f n = F n + G n , with F n , G n nonnegative with disjoint supports, 
II || 2 < ^ an d F n satisfies (19 .4p for certain k = k n e Z. 

We see that as {/ n }neN is an extremizing sequence of nonnegative functions for 
(11. 2p so is {F n } n£¥S and we claim it satisfies the hypotheses of Proposition I8.4[ after 
passing to a subsequence if necessary. 

From (19. 8p it follows that for all n large enough F n satisfies 

d f d 

\\FnX{\<\ y \^i}h > 2 and F nX{\<i\y\^i}dcr{y) > -. (9.9) 

The first inequality in (19. 9p together with the L 2 -decay estimate (19.41) imply that 
{/c n } nS ]N is a bounded sequence. After passing to a subsequence, F n — ^ F for some 
F G L 2 (r 2 ) and F ^ since the F n 's satisfy the second inequality in (I9.9p . There- 
fore {-F n }neN satisfies all the hypotheses of Proposition 18.41 and thus F n — > F in 
L 2 (r 2 ). Therefore f n — > F in L 2 (r 2 ) which shows that {/ n }neN is precompact up to 
symmetries of the cone as needed. □ 



10. On convergence of extremizing sequences 

In this section we prove Theorem 11.41 We start with a general discussion. 

Let (X,B,/jb) be a measure space and let G be a group acting on L 2 (X), with 
an action that preserves the L 2 norm, that is H^/Hi^po = ||/IU 2 (x) f° r & U 9 £ 
G and / G L 2 (X). For an element / G L 2 (X) we consider its orbit under G, 
G(f) := {g*f :geG}. 

Proposition 10.1. Let f G L 2 (X) and {/ n } ngM a sequence in L 2 (X) with the prop- 
erty that every subsequence has an L 2 '-convergent subsequence whose limit lies on 
G(f). Then there exists a sequence {g„} n6M C G such that g^f n — > f in L 2 (X), as 
n — > oo. 

Proof. For each n let g n G G be such that 

\\g*Jn - /IU 2 (x) < inf \\g*f n - f\\mx) + -• 

g£G n 

We show that {(?*/ n } n eN converges to / by showing that every subsequence has 
a further subsequence that converges to /. Take a subsequence (that we call the 
same), {g£/n}neN- By hypothesis, f n has a convergent subsequence (that we call the 
same) to an element in G(f). That is f n — > g*f, as n — > oo, for some g G G. By the 
definition of g n and the invariance of the norm under the action of G we get 

IK/n - f\\mx) < Ug^Tfn - f\\i*w + - = \\fn- g*f\\^X) + -^o 

as n — > oo. □ 
From Theorem 11.51 the extremizers for (II. 2p are all of the form 

g(x U X 2 , X 3 ) = e -ax 3 -bx 2 -cx 1+ d^ ( 1Q ^ 
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where a, 6, c, d £ C and | (9le &, SHe c) | < 9iea, and here x 3 = \/xf + x\. As indicated 
in [5], any extremizer can be obtained from g§{x,\, x 2i ^3) = e~ X3 by applying Lorentz 
transformations and dilations. 

We define G as the group generated by L 1 , M s and D r , s,t £ (—1,1), r > under 
composition. The action of G is given by the action of the generators as in (17. ip : 
L**/ = / o L\ M s *f = f o M s and = r 1 / 2 / o D r . That 67 preserves the L 2 (T 2 ) 
norm follows from the Lorentz invariance of a. 

Lemma 10.2. The set of real, L 2 -normalized extremizers for inequality (II. 2\i equals 
the orbit of go(y) = 7r _1 / 2 e~' !/ ', y £ R 2 , under the group G. 



Proof. A computation shows 
L t oM s (x 1 ,x 2 ,x 3 ) -- 

Then 

q n oL t oM s oD r = r^7i~^ exp 

'1 -s 2 )i(l -t 2 )i (l-s 2 )i(l-t 2 )i {l-t 2 )i 

For given a > and b, c £ R, with | (b, c) | < a we want to solve the equations 

r 

a, 



„, 1 + X3+SX2 X3+SX2 1 j-„ 

J 'l t (l_ s 2)l/2 X 2 + SX 3 (l- S 2)l/2 ' tX l 
(l_ t 2)l/2 '(l_ s 2)l/2' (l_t2)l/2 

r^3 sr^2 trx\ 



1 r>x 1 



1 - S 2 )V2(1 -^2)1/2 
l-S 2 ) 1 /2(l_t2)l/2 = 6 ' 

c. 



(1 -t 2 )V2 

Since o ^ and |6| < a we have 6/a = s £ (—1, 1). Also c/a = t(l — s 2 ) 1 / 2 , so 
1 = a(i-82)V2 = (a 2_g 2) i/2 and we see that |t| < 1. Finally r = a(l - s 2 ) 1/2 (l - 1 2 ) 1/2 = 
(a 2 — b 2 — c 2 ) 1 / 2 . The L 2 -norm is preserved by the action of G thus a normalized, 
real extremizer g(y) = e~ a ^~ by2 ~ cyi+d can be obtained from g by composing with 
1} o M s o D r for the computed values of t, s and r. □ 

Proof of Theorem \1.4\ From the previous discussion we have that the group G gives 
all real extremizers as the orbit of go- Proposition 110. 1[ Theorem 11.31 and Theorem 
11.51 give a proof of Theorem 11.41 □ 
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